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ABSTRACT

Inverse problems form the backbone of modern signal/image pro-
cessing and computational imaging, where signal reconstruction
from corrupted measurements follows an optimization problem.
The objective function is the sum of a data-fidelity term and a
regularization functional that enforces desired properties in the re-
construction. The adversarial regularization (AR) framework is an
unsupervised, data-driven approach for solving inverse problems,
where the regularization function is learnt adversarially as a critique
between the ground-truth distribution and the distribution of unreg-
ularized reconstructions. Thereafter, the solution to the regularized
inverse problem follows an iterative technique. In this paper, we an-
alyze the AR framework from a variational perspective, and, using
Euler-Lagrange conditions, obtain the optimal regularization func-
tion in closed-form. The overall objective function is smooth and
readily amenable to gradient descent minimization. We introduce
momentum into the iterates as a natural extension to accelerate con-
vergence. Since the optimal solutions are obtained in closed-form,
our approach to solving inverse problems does not require prior
training whilst being data-driven. We demonstrate the proposed
technique on image deconvolution and show that the reconstruction
performance of the proposed techniques measured in terms of peak
signal-to-noise ratio (PSNR) and structural similarity index metric
(SSIM) are identical to the learnt counterparts.

Index Terms— Inverse problems, image restoration, adversarial
regularization, calculus of variations, Euler-Lagrange analysis.

1. INTRODUCTION

Several signal/image processing and computational imaging tasks
involve solving inverse problems, where the goal is to recon-
struct/recover/restore the ground-truth signal or (vectorized) image
x ∈ Rn from noisy measurements y ∈ Rm of the form

y = Hx + w, (1)

where H denotes the forward operator and w ∈ Rm denotes ad-
ditive noise. Several applications such as denoising, deconvolution,
sparse signal restoration, compressed image reconstruction and low-
rank plus sparse decomposition are linear inverse problems where
the forward operator H ∈ Rm×n is a linear transformation [1, 2].
Typically, with m ≤ n, linear inverse problem may be ill-posed
requiring additional constraints on the solution space, sparsity being

the most popular. Contemporary techniques [3,4] for solving inverse
problems involve solving an optimization problem of the type

minimize
x∈Rn

1

2
‖Hx− y‖22 + λf(x). (P)

The objective function is the sum of the convex data-fidelity loss
1
2
‖Hx− y‖22, and a regularization functional f : Rn → R that pe-

nalizes solutions that are not in the desired constraint space. λ > 0
is called the regularization parameter that trades-off between the
data-fidelity and regularization terms. From a statistical perspec-
tive, the regularization functional approximates the log-density of
the prior on the desired solutions. Examples of model-based design
of the regularization functionals for image restoration tasks include
(a) Tikhonov regularization f(x) = ‖Lx‖22, where L is a regular-
ization operator [5], (b) wavelet thresholding f(x) = ‖Ψx‖1, where
Ψ denotes the dyadic wavelet transform [6], and (c) total-variation
f(x) = ‖Dx‖1, where D denotes the gradient operator [7]. Typi-
cally, model-based regularization functionals rely on sparsity in the
ground-truth signal and are application-specific.

Q1: Can one learn optimal data-driven regularization function-
als using training examples for a specific task?

With the introduction of deep learning, several learning-based
approaches for solving inverse problems are available in the liter-
ature (see [2, 8–12] and references therein). Several frameworks
have been developed that combine deep learning with model-based
techniques. These techniques utilize training data to improve recon-
struction performance whilst retaining convergence or performance
bounds [13–17]. However, learning-based methods often require
large amounts of training data, and involve the computationally ex-
pensive task of training deep neural networks. The training problems
are typically supervised in the sense that they depend on the avail-
ability of large training datasets with explicit input-output pairs.

The adversarial-regularization (AR) framework [18] is a data-
driven approach for solving inverse problems that do not require ex-
plicit input-output pairs. The central idea of the AR framework is
to model the regularization functional as a deep neural network opti-
mized using training data. Protracting Q1, we also attempt to address
the following question in this paper:

Q2: Can one learn optimal data-driven regularization function-
als using unsupervised training examples of a specific task, without
training?
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(b) Adversarial regularisation

Fig. 1. Schematic of training problems in (a) GAN and (b) AR: the
generator network in a GAN is replaced by a linear transformation
that is fixed to the pseudoinverse H† of the forward operator in AR.
The variational problem for the discriminator network and the regu-
larization functional are identical.

1.1. Adversarial Regularization

We provide a brief introduction to the adversarial-regularization
(AR) framework [18, 19]. In AR, the regularization function f
is optimized using training data in an adversarial and unsuper-
vised fashion. Let xr ∼ Pr denote the training samples of the
ground-truth signals from a distribution Pr , and y ∼ Po denote
the training samples of the measurements from a distribution Po,
that follow Eq. (1) with a fixed noise level. Naı̈ve or unregular-
ized reconstructions using the measurements alone are denoted as
xu = H†y ∼ Pu, where H† denotes the pseudoinverse of H.
The aim is to construct regularization functionals f : Rn → R
such that the value is high for xu and low for xr by solving the
continuous-domain minimization problem with loss function

E
X∼Pr

[f(X)]− E
X∼Pu

[f(X)]+λGP E
X∼Pc

[
(‖∇f(X)‖2−1)2

+

]
, (2)

where λGP > 0 is a hyperparameter, (x)+ = max{0, x} denotes
the rectified linear unit, and Pc = ρPr + (1 − ρ)Pu, for some
ρ ∈ (0, 1), denotes a convex combination of Pr and Pu. The
minimizer in Eq. (2) is an approximation to the maximizer of the
Wasserstein distance between Pr and Pu [20]

Wass(Pr,Pu) = sup
f∈Lip-1

E
X∼Pu

[f(X)]− E
X∼Pr

[f(X)],

where Lip-1 denotes the family of Lipschitz-1 functionals. The term
E

X∼Pc

[
(‖∇f(X)‖2 − 1)2

+

]
in Eq. (2) enforces the norm of the

gradient of f to be close to unity, promoting Lipschitz-1 functionals.
The sample estimates for the expectation are taken as arbitrary con-
vex combinations of Pr and Pu. Note that the learning problem
does not require explicit signal-measurement pairs, and in that sense,
the learning problem is unsupervised. Lunz et al. [18] parametrize f
as a deep neural network that is learnt using the loss function given
in Eq. (2). Once the optimal regularization functional, denoted as
fAR is learnt, the optimization problem (P) is solved using subgra-
dient descent [21]. Lunz et al. [18] show empirically that the learnt
regularizer leads to solutions better than benchmark unsupervised
techniques. Subsequently, Mukherjee et al. [19] solve Eq. (2) with
a convexity constraint on the solution that provides theoretical con-
vergence guarantees for the subgradient-descent algorithm.

Relationship between AR and GANs: The AR framework
is closely linked to the field of generative modelling using gen-
erative adversarial networks (GANs) [22, 23]. The discriminator,
parametrized as a neural network in a GAN, is akin to the regular-
ization functional in AR; and the generator, parametrized as a neural
network in a GAN, is akin to the pseudoinverse H† of the forward
model. The training problems in GANs and AR are identical. Fig. 1
shows the learning schematics for a GAN and AR — the regular-

ization functional in AR is equivalent to the discriminator network
in a GAN. The optimization in Eq. (2) is considered in the flavour
of GANs called Wasserstein GANs (WGANs) [24, 25]. Asokan
and Seelamantula [26, 27] improve the performance of WGANs
by analyzing the discriminator optimization in the Euler-Lagrange
framework [28] — this forms the basis for our paper. The key con-
tribution of this paper within the AR framework is that our iterative
reconstruction techniques do not require prior training whilst being
data-driven.

1.2. Contributions of This Paper

The main claim of this paper is that adversarial regularization can be
achieved without having to train a neural network. We analyze solu-
tions to a variant of Eq. (2) and show, using Euler-Lagrange analysis,
that the solution can be represented in closed-form using the family
of polyharmonic spline functions (Section 2). The resulting optimal
regularization function is continuously differentiable, and its gradi-
ent can be computed efficiently using sample estimates. With the op-
timal regularization function in (P), we solve the optimization using
gradient descent (AR-ELA). As a natural extension, we introduce
Nesterov’s momentum in the update steps to accelerate convergence
(AR-ELA+) in Section 3. In Section 4, we demonstrate the perfor-
mance of the proposed techniques for image deconvolution and show
that the performance measured in terms of peak signal-to-noise ratio
(PSNR) and structural similarity index measure (SSIM) are compa-
rable to benchmark learning-based techniques. From the perspective
of interpretability, our analysis exposes the classes of regularization
functions that can be obtained by training neural networks using the
AR framework.

2. EULER-LAGRANGE ANALYSIS OF ADVERSARIAL
REGULARIZATION

Consider the following variational problem:

f∗p,n = arg min
f∈BLp,2

E
X∼Pr

[f(X)]− E
X∼Pu

[f(X)]

+ λGP

∫
χ

‖∇pf(x)‖22 dx,
(3)

where λGP is a regularization parameter, p ∈ N, χ denotes the
convex hull of the supports of Pr and Pu, and BLp,2 denotes
the Beppo-Levi space of order p, 2 [29]. The variational problem
in Eq. (3) is a generalization of Eq. (2) and are equivalent when
p = 1. The objective does not explicitly enforce the minimizer to
be Lipschitz-1, however, enforces higher-order smoothness on the
minimizer, constraining the solution to lie in the Beppo-Levi space
BLp,2. The generalization of the higher-order penalty is popular in
image processing tasks, with the higher-order gradient penalty ap-
plied directly on the image [30]. The variational problem in Eq. (3)
is a familiar problem in the context of GANs [26, 27, 31], which im-
proves the performance of image generation as compared to other
flavours of GANs.

Euler-Lagrange analysis: We analyze the solution space of
the variational problem in Eq. (3) using the Euler-Lagrange frame-
work [28]. The objective function of the variational problem in
Eq. (3) can be written in integral form as:∫

χ

(
f(x) (Pr(x)−Pu(x)) + λGP ‖∇pf(x)‖22

)
dx,
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which is a function of f and its derivatives. Invoking the Euler-
Lagrange condition for optimality, it can be shown that the optimal
regularization functional f∗p,n satisfies:

∆pf∗p,n(x) =
(−1)p+1

2λGP
(Pr(x)−Pu(x)) , (4)

where ∆ = ∇ · ∇ =

n∑
i=1

∂2

∂x2
i

denotes the Laplacian operator, and

∆p def.
= ∆(∆p−1) denotes the iterated Laplacian operator. The op-

timality condition in Eq. (4) is a partial differential equation where
the particular solution can be computed using the Green’s function
of ∆p, i.e., the polyharmonic spline function [32]. The main result
of this paper is stated next.

Proposition 1 (Representer theorem). Let Pr and Pu denote the
ground-truth distribution and distribution of unregularized recon-
structions, respectively. Minimizers to the variational problem in
Eq. (3) with λGP > 0, and p ∈ N are of the form

f∗p,n(x) =
(−1)p+1

2λGP
((Pr(x)−Pu(x)) ∗ φp,n(x))+Q(x), (5)

where Q(x) denotes a polynomial of degree p− 1, and the polyhar-
monic spline kernel is defined as

φp,n(x) =

{
‖x‖2p−n , 2p− n < 0 or n is odd,
‖x‖2p−n log(‖x‖), 2p− n ≥ 0 and n is even.

The proof follows from [26]. The term Q denotes the homoge-
nous component of the solution corresponding to the null space of
∆p, and is intractable. Without compromising optimality, we set
Q(x) = 0 for the remainder of the discussion.

Fig. 2 shows the evaluation of the optimal regularization func-
tionals obtained using the BSD500 dataset [33] evaluated around a
point x̄r ∼ Pr along a line, along with fAR. The AR and AR-
ELA formulations, both, give rise to data-driven regularizers, un-
like model-based regularizers like wavelet regularization which is
independent of x̄r ∼ Pr . The desired property of regularization
functionals is more pronounced in the proposed formulation, i.e.,
the value of f∗p,n is low in the neighbourhood of x̄r ∼Pr , as com-
pared to outside the neighbourhood, whilst the fAR achieves lower
values outside the neighbourhood of x̄r ∼ Pr . We conjecture that
fAR would better approximate f∗p,n given more training data. The
data-driven regularization functionals do not resemble model-based

−2.0 −1.5 −1.0 −0.5 0.0 0.5 1.0 1.5 2.0
t

−1.5

−1.0

−0.5

0.0

0.5

1.0

λ‖Ψ{tu}‖1

λfAR(x̄r + tu)

λf ∗p,n(x̄r + tu)

Fig. 2. Evaluation of regularization functionals on a line: wavelet
regularizer, learnt regularizer fAR, and f∗p,n with 2p−n = −3. The
direction u is the vector of all ones, and x̄r ∼Pr .

Algorithm 1: Solving inverse problems using AR-ELA
Input: Measurements y, forward model H, regularization

parameters λ, λGP > 0, training set {x̄r} and {ȳr}
1 Compute: x̄u = H†yr, ∀yr in training set
2 Initialization: x0 = H†y
3 for k = 1, 2, . . . until convergence do
4 Choose step-size ηk > 0

xk+1 = xk − ηk
(
H>(Hxk − y) + λ∇f∗p,n(xk)

)
Output: xk+1

Algorithm 2: Solving inverse problems using AR-ELA+
Input: Measurements y, forward model H, regularization

parameters λ, λGP > 0, training set {x̄r} and
{ȳr}, momentum parameter α > 0

1 Compute: x̄u = H†yr, ∀yr in training set
2 Initialization: x0 = z0 = H†y
3 for k = 1, 2, . . . until convergence do
4 Choose step-size ηk > 0

xk+1 = zk − ηk
(
H>(Hzk − y) + λ∇f∗p,n(zk)

)
zk+1 = xk+1 + k

k+α
(xk+1 − xk)

Output: xk+1

functions such as total-variation or wavelet regularization. In par-
ticular, the learnt regularization functionals are smooth, i.e., con-
tinuously differentiable, nonconvex, and depend on data xr ∼ Pr

and xu ∼ Pu. The corresponding iterative techniques for solv-
ing inverse problems are typically devoid of theoretical convergence
guarantees.

3. SOLVING THE INVERSE PROBLEM USING
GRADIENT DESCENT

Using the optimal regularization function in Proposition 1, the in-
verse problem requires solving the optmization problem:

minimize
x∈Rn

1

2
‖Hx− y‖22 + λf∗p,n(x).

Since f∗p,n is a continuously-differentiable function, the minimizing
sequence using gradient-descent is given as:

xk+1 = xk − ηk
(
H>(Hxk − y) + λ∇f∗p,n(xk)

)
, k ∈ N,

where ηk > 0 is the step-size chosen appropriately. The gradient of
f∗p,n can be computed using sample estimates as

∇f∗p,n(x)=
(−1)p+1

2λGPN

[ ∑
x̄r∼Pr

∇φp,n(x−x̄r)−
∑

x̄u∼Pu

∇φp,n(x−x̄u)

]
,

where N is the number of training samples. Owing to the usage of
Euler-Lagrange analysis in the AR framework, we call this method
“AR-ELA,” which is summarized in Algorithm 1.

Incorporating momentum: The natural extension of Algo-
rithm 1 is to incorporate Nesterov’s momentum [34] in the iterates
to accelerate convergence. With the initialization z0 = x0, the
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Fig. 3. Convergence analysis: (a) PSNR (in dB), (b) SSIM are shown
as a function of the iteration index k. The proposed techniques AR-
ELA and AR-ELA+ are similar in performance to AR, and outper-
form TV. AR-ELA+ converges the fastest.

minimizing sequence is given by

xk+1 = zk − ηk
(
H>(Hzk − y) + λ∇f∗p,n(zk)

)
,

zk+1 = xk+1 +
k

k + α
(xk+1 − xk),

where α > 0 is the momentum parameter. Owing to incorporating
momentum in AR-ELA, we refer to this method as “AR-ELA+.” A
summary is provided in Algorithm 2.

4. EXPERIMENTAL RESULTS

We demonstrate our technique for image deconvolution on the
BSD500 dataset [33], and compare the technique against AR [18]
and total-variation (TV) minimization [7] and GS-PnP [35], which
is the state-of-the-art supervised convergent plug-and-play tech-
nique. We use PSNR and SSIM as objective metrics. In image
deconvolution, linear measurements of a ground-truth image x∗ are
obtained as y = h ∗ x∗ + w, where h denotes the convolution
kernel, and w ∼ N (0, σ2I) denotes additive white Gaussian noise
with standard deviation σ > 0. Throughout the experiments, we
set the convolution kernel to a 5 × 5 Gaussian blur kernel with a
standard deviation of 1, and set the noise level such that the SNR
is 20 dB. We use the Wiener filter as the pseudoinverse operator to
obtain unregularized reconstructions from the measurements. We
use 300 images from the BSD500 dataset [33] for training and the
remaining 200 images for testing.

In AR, the regularization functional is a deep convolutional
neural network with an architecture similar to [18]. The network is
trained with the loss function in Eq. (2), and Adam optimizer [36]
with learning rate 10−3 and momentum parameters of 0.5, 0.9 for
100 epochs.

We use Algorithms 1 and 2 with a constant step-size of ηk =
10−1, α = 2, λ = 10−1 and λGP = 10. We set a tolerance

of 4.5 × 10−3 on
‖xk−xk−1‖2
‖xk‖2

or a maximum of 50 iterations,
whichever occurs first, as the stopping criterion. Fig. 3 shows the
average PSNR and SSIM over the test set as a function of the iter-
ation index. We observe that the proposed techniques empirically
converge in about 30 iterations with a similar performance to AR,
and superior performance to TV minimization. AR-ELA+ con-
verges faster as compared to AR-ELA and AR. Table 4 shows the

(a) Ground truth (b) Measurement (18.39, 0.2591)

(c) TV (26.81, 0.7301) (d) AR (28.17, 0.8651)

(e) AR-ELA (28.05, 0.8619) (f) AR-ELA+ (28.70, 0.8566)

Fig. 4. Example reconstructions using the proposed techniques and
benchmarks. The numbers indicate PSNR (in dB) and SSIM.

Table 1. Performance of the proposed techniques and benchmarks
evaluated using PSNR↑ (in dB) and SSIM↑ on BSD500.

TV [7] AR [18] AR-ELA AR-ELA+ GS-PnP [35]
PSNR 24.71± 1.00 27.60± 2.66 26.98± 1.88 27.38± 1.63 29.89± 6.07
SSIM 0.48± 0.01 0.73± 0.00 0.69± 0.00 0.67± 0.00 0.80± 0.00

average PSNR and SSIM with one standard deviation obtained after
convergence.

Fig. 4 shows example reconstructions using the proposed tech-
niques and the benchmark methods. The supervised techniques have
a superior performance in terms of PSNR and SSIM. The perfor-
mance of AR-ELA and AR-ELA+ in terms of PSNR and SSIM, and
in terms of visual assessment, are similar to that of AR.

5. CONCLUSIONS

We analyzed the solutions to the training problem in the AR frame-
work using Euler-Lagrange analysis and showed that the optimal
regularization function can be represented using the family of poly-
harmonic spline functions, and can be computed in closed form. The
optimal regularization functional is continuously differentiable. Us-
ing this result, we solved the optimization problem using gradient
descent (AR-ELA) and gradient descent with Nesterov’s momen-
tum (AR-ELA+). We demonstrated the technique to perform image
deconvolution, and showed that it performs on par with the learning-
based counterparts. The key feature of the proposed techniques is
that they are data-driven approaches that do not require a rigorous
prior training, unlike in AR where the regularization functional is
parametrized using a neural network and heavily optimized using
training data.
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